Is the Abraham electromagnetic force physical? by Wang, Changbiao
ar
X
iv
:1
50
2.
03
05
4v
3 
 [p
hy
sic
s.o
pti
cs
]  
7 J
un
 20
17
Is the Abraham electromagnetic force physical?
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Abstract
A conventional general electromagnetic force definition has been widely used to analyze radiation forces in dielectric media in
published research works. However in this paper, we would like to indicate that this conventional force definition is flawed.
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In a recent paper [1], Brevik and Ellingsen proposed a novel
idea to experimentally measure the time-dependent Abraham
force which is a component of the conventional general elec-
tromagnetic (EM) force definition [2]. However in this paper,
we would like to indicate that this general EM force definition
itself is flawed.
The conventional general EM force definition, namely the
expression of the force exerted by an EM field on a unit volume
of isotropic dielectric material, is given by [2]
f = fAM + fA, (1)
where fAM is the Abraham-Minkowski (term) force, and fA is
the Abraham (term) force.1 Note: For a uniform medium, Eq.
(1) is the same as the one given in [3]. For a non-magnetic
medium (relative permeability µr = 1) without any sources, fAM
and fA are, as shown by Brevik and Ellingsen [1, 4], given by
fAM = −
1
2
ǫ0E
2∇n2d, (2)
fA =
n2
d
− 1
c2
∂
∂t
(E × H), (3)
where ǫ0 is the vacuum permittivity constant, nd = (µrǫr)1/2 is
the refractive index with ǫr the relative permittivity, and c is the
vacuum light speed.
In the idea proposed by Brevik and Ellingsen, the dielectric
medium is assumed to be uniform (∇nd = 0), and thus fAM = 0
holds; f = fAM + fA = fA is thought to form possibly measur-
able Abraham radiation torque in a micrometer-sized dielectric
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1As indicated by Stratton, if there is any deformation in the dielectric ma-
terial, Eq. (1) is “manifestly incorrect” because it does not include the forces
associated with the material deformation [2]. However Eq. (1) is “correct” for
the widely-used physical model of “uniform” isotropic medium, such as the one
used in the work by Brevik and Ellingsen [1], because the “uniform” material is
“rigid” and no deformation is involved. In other words, in the Stratton’s sense,
Eq. (1) is the general EM force definition in a “rigid” isotropic medium.
spherical resonator operating at the whispering gallery mode
[1]. Unfortunately, as shown below, this general EM force def-
inition f = fAM + fA itself is flawed.
In principle, the correctness of f = fAM + fA as a general EM
force definition cannot be legitimately affirmed by enumerating
specific examples, no matter how many; however, the correct-
ness can be directly negated by finding specific examples, even
only one. In the following, such a specific example is given to
show why the conventional EM force definition f = fAM + fA is
flawed.
An electromagnetic plane wave, although not practical, is a
simplest strict solution of Maxwell equations, and it is often
used to explore most fundamental physics. For example, Ein-
stein used a plane wave to develop his special theory of relativ-
ity and derived the well-known relativistic Doppler formula in
free space [5]. Thus if the general force definition f = fAM + fA
is correct, it must withstand the test of a monochromatic plane
wave in a non-dispersive, lossless, non-conducting, isotropic
uniform medium.
Suppose that the EM fields are given by (E,B,D,H) =
(E0,B0,D0,H0) cosΨ for the plane wave, where E0, B0, D0,
and H0 are the constant amplitude vectors, and Ψ = ωt − kw · x
is the phase function with ω the frequency and kw the wave
vector. Since the medium is uniform, fAM = 0 holds, and the
general EM force f = fAM + fA is reduced to
f = fA =
n2
d
− 1
c2
∂
∂t
(E × H). (4)
From Maxwell equations, the momentum conservation equa-
tion is given by
∂
∂t
(
E × H
c2
)
= −∇ · TˇA, (5)
where the stress tensor TˇA is given by
TˇA = β
2
ph[−(ED +HB) + Iˇ
1
2
(D · E + B · H)], (6)
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with |βph| = 1/nd the absolute phase velocity normalized to the
light speed c, and Iˇ the unit tensor.
Inserting E × H = E0 × H0 cos2Ψ into Eq. (4), we indeed
have f = fA , 0 holding (except for those discrete points); thus
f , 0 looks like a “force”, but that is not true. This can be seen
from the following analysis.
Inserting Eq. (5) into Eq. (4) we have f = −(n2
d
−1)∇·TˇA , 0.
From Eq. (6), we know that TˇA ∝ cos2Ψ is a “pure travelling-
wave” stress tensor, and thus the Abrahammomentums flowing
into and out from a differential box are usually different, result-
ing in ∇· TˇA , 0 ⇒ f , 0. From this we can see that f , 0 is re-
sulting from the attribution of the “pure travelling wave” of ten-
sor TˇA. This “pure travelling-wave” attribute will not produce
any “force effect” on the medium.2,3 This phenomenon can be
clearly understood through Einstein’s light-quantum hypothe-
sis: photons are the carriers of light momentum and energy.
Since the dielectric medium is assumed to be a non-dispersive,
lossless, isotropic uniform medium, all the photons move uni-
formly at the dielectric light speed c/nd, and they do not have
any momentum exchanges with the medium.
Since f = fAM + fA = fA , 0 does not represent a force for a
plane wave, f = fAM + fA cannot pass the plane-wave test, and
f = fAM + fA, as a general EM force definition, is flawed. Un-
fortunately, this flawed EM force definition is widely accepted
in the community [1, 4, 6, 7, 8], and it is argued that the fA-term
“simply fluctuates out when averaged over an optical period in
a stationary beam”, but “it is in principle measurable” [6].
In summary, we have shown that the conventional general
EM force definition f = fAM + fA is flawed. Specifically speak-
ing, the Abraham term fA = (n2
d
− 1)(∂/∂t)(E × H)/c2 is not a
“physical EM force” at all for a plane wave.
It is interesting to point out that the conclusion obtained in
the present paper is completely consistent with that obtained
from analysis of dielectric Einstein-box thought experiment,
which states that “the momentum transfer from the light pulse
to the box only takes place on the vacuum-medium interface,
while the pulse edges located inside the uniform medium do
not have any contributions to momentum transfer” [9]. This
conclusion is also consistent with the recent assertion by Ramos
and coworkers that “there is no reason to assume the existence
of” the Abraham-term force [10].
Appendix A. Abraham momentum conservation equation
Isotropic medium is a special case of anisotropic media. Be-
low we will show that Eq. (5) is also valid for an anisotropic
2 That ∇ · TˇA , 0 is an attribution of “pure travelling wave” of tensor TˇA
can be better understood from the free-space case where there is no dielectric
medium but ∇ · TˇA , 0 holds.
3 One might argue that to calculate the total force on a material differential
box, the bound surface charge on the box boundaries needs to be considered —
“even if it is embedded within the surrounding material”. However according
to the uniform-medium model used in the paper, no sources are assumed and
the Maxwell equation ∇ · D = ǫ0ǫr∇ · E = 0 holds, where D = ǫ0E + P with
P the electric polarization, resulting in ∇ · P = 0, namely no polarized charge
or bound surface charge on the differential box boundaries, and thus there is no
additional surface-charge-caused force.
medium.
Mathematical statement. If a plane wave propagates in a
lossless, non-dispersive, non-conducting, uniform anisotropic
medium, the Abraham momentum conservation equation can
be written as [11]4
∂
∂t
(
E × H
c2
)
= −∇ · TˇA, (A.1)
where the Abraham stress tensor is given by
TˇA = β
2
ph
[
−(ED +HB) + Iˇ
1
2
(D · E + B · H)
]
. (A.2)
In Abraham theory, (E × H)/c2 is defined as EM momen-
tum density. Thus Eq. (A.1) means that in unit time, the total
EM momentum flowing into a differential box is equal to the
increase of the EM momentum in the box.
Proof. For a monochromatic plane wave with a phase
function of Ψ = ωt − kw · x, Maxwell equations are simplified
into
ωB = kw × E, ωD = −kw × H, (A.3)
kw · B = 0, kw · D = 0, (A.4)
where the EM fields are given by (E,B,D,H) =
(E0,B0,D0,H0) cosΨ, with E0, B0, D0, and H0 the real
constant vectors. The frequency ω and the wave vector kw are
real because the medium is assumed to be non-conducting and
lossless.
From Eq. (A.3) we have
D × B =
(
D · E
ω
)
kw. (A.5)
By making cross products of kw × (ωB = kw × E) and kw ×
(ωD = −kw×H) fromEq. (A.3), with vector identity a×(b×c) =
(a · c)b − (a · b)c taken into account, we have
E = (nˆ · E)nˆ − vph × B, (A.6)
H = (nˆ · H)nˆ + vph × D, (A.7)
where nˆ = kw/|kw| is the unit wave vector, and vph = nˆ(ω/|kw|)
is the phase velocity. The refractive index for anisotropic me-
dia is defined as nd = |kw|/|ω/c|, with c the vacuum light
speed, and thus the phase velocity also can be written as vph =
nˆ(ω/|ω|)(c/nd).
By making inner products of H ·(ωB = kw×E) and E ·(ωD =
−kw × H) from Eq. (A.3), with H · (kw × E) = E · (−kw × H)
taken into account we obtain E · D = B · H.
4 One might argue that Eq. (5) or Eq. (A.1) is incorrect, and it should be
replaced by −∇ · Tˇd − (∂/∂t)[(E × H)/c2] = (n2d − 1)[(E × H)/c
2] according
to the review paper by Brevik [12]. However this is apparently wrong, because
(∂/∂t)[(E×H)/c2] and (n2
d
−1)[(E×H)/c2] have different physical dimensions.
As we know, 20 kilograms + 5 meters usually does not produce any physical
meanings, because kilogram and meter are of different physical dimensions.
2
From Eqs. (A.6) and (A.7), and Eq. (A.5) we obtain
E × H
c2
=
β2ph
ω
cos2Ψ
× [−(kw · E0)D0 − (kw · H0)B0 + (D0 · E0)kw], (A.8)
where βph = vph/c is the normalized phase velocity.
With the help of ∇ · (ab) = (∇ · a)b + a · (∇b) we obtain
∇ · [−(ED +HB)] = 2 cosΨ sinΨ
× [−(kw · E0)D0 − (kw · H0)B0]. (A.9)
By use of D · kw = 0 from Eq. (A.4), B · H = E · D, and
a × (b × c) = (a · c)b − (a · b)c, we have
∇ ·
[
Iˇ
1
2
(D · E + B · H)
]
= 2 cosΨ sinΨ (D0 · E0)kw. (A.10)
Inserting Eqs. (A.8), (A.9), and (A.10) into Eq. (A.1), we
find the left- and right-hand sides of Eq. (A.1) are equal. Thus
Eq. (A.1) is confirmed.
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